The spin-nematic state has proved elusive, due to the difficulty of experimentally observing the order parameter. Here we show how it can be recognised from its excitation spectrum via inelastic scattering of neutrons. We concentrate in particular on 2-dimensional frustrated ferromagnets in applied magnetic field, in which a spin-nematic state is expected to exist over a wide parameter range. As an example, we show quantitative predictions for inelastic scattering of neutrons from BaCdVO(PO4)2 -a promising candidate material to realise a spin-nematic state at an achievable h ∼ 4T. We show that in this material it is realistic to expect a ghostly Goldstone mode excitationa strong indicator of spin-nematic order -to be experimentally visible. The experimental predictions follow from marrying a continuum field theory for 2-sublattice, antiferroquadrupolar spin-nematic states in applied magnetic field with diagrammatic calculations for a microscopic model of spin-1/2 frustrated ferromagnets.
I. INTRODUCTION
The spin-nematic state is a "hidden order" of spin degrees of freedom, involving the ordering of spinquadrupole moments, in the absence of conventional spindipole order [cf. Fig. 1 ]. The spin-nematic state was first proposed several decades ago [1] [2] [3] , and the theoretical possibility of spin-nematic order is now well-established, especially for spin-1/2 frustrated magnets in applied magnetic field [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Nevertheless, to date, the spin-nematic has generally lived up to its epithet, and remained wellhidden from experimental observation.
The reason why spin-nematic order is difficult to observe is that its order parameter, a quadrupole moment of spin, does not break time-reversal symmetry 3 . This means that spin-nematics are invisible to common probes of magnetism : they do not lead to magnetic Bragg peaks in elastic neutron scattering, asymmetry in muon spin resonance (µSR), or splitting of spectral lines in nuclear magnetic resonance (NMR) experiments. In this article, we continue the program begun in [21] [22] [23] of exploring how the symmetries broken by spin-nematic order manifest themselves in its excitations, and how these excitations might be observed in experiment. To this end we develop a general theory of inelastic neutron scattering from a spin-nematic state in applied magnetic field.
The scenario we explore, summarised in Fig. 1 and Fig. 2 , is applicable to a wide range of materials. When a frustrated magnet is polarised by applied magnetic field, interactions between magnons can lead to the formation of a two-magnon bound state. At lower values of magnetic field, this bound-state can condense, leading to spin-nematic order 4, 5, 24, 26 [ Fig. 1 ]. Since the spin-nematic order breaks spin-rotation invariance in the plane perpendicular to the magnetic field, it must possess a Goldstone mode. This has observable consequences J 1 J 2
FIG. 1: (Color online)
. Two-sublattice, bond-centered spinnematic state, of the type found in spin-1/2 frustrated ferromagnets in applied magnetic field. Spin fluctuations show quadrupolar character, visible in the probability distribution for spin fluctuations on the bonds of the lattice, here represented by a blue surface. Spin-nematic order is known to occur close to saturation in the spin-1/2 J 1 -J 2 model on a square-lattice, H S=1/2 J 1 −J 2 [Eq. 1], for ferromagnetic J 1 and antiferromagnetic J 2 [5, 9, 24] . This model is believed to describe a number of quasi-two dimensional magnets, including BaCdVO(PO 4 ) 2 [25] .
-the two-magnon bound state, invisible to neutrons in the polarised phase, transforms upon condensation into a ghostly, linearly-dispersing Goldstone mode, which can be resolved in inelastic neutron scattering [ Fig. 2 ].
For concreteness, in this article we concentrate on spin-1/2 frustrated ferromagnets on a square lattice, taking our motivation from materials such as Pb 2 VO(PO 4 ) 2 27-31 and SrZnVO(PO 4 ) 2 29,30,32 . We pay particular attention to the quasi-two dimensional frustrated magnet BaCdVO(PO 4 ) 2 25,29 , which has a saturation field of only h sat ≈ 4 T, and so is easily accessible to experiment. However, with small modifications, the same The existence of a spin-nematic state is heralded by a ghostly, linearly-dispersing Goldstone-mode at low energy.
(ii) Inelastic scattering at fixed |q| = 0.18Å −1 , showing the distribution of spectral weight as a function of frequency. The Goldstone mode has at its maximum about 3% of the intensity of the spin-wave mode at higher energy. Predictions for the dynamical structure factor χ αβ (q, ω) were obtained using the methods described in Section VI of this article, for parameters relevant to BaCdVO(PO 4 ) 2 [25] , and powder-averaged. Equivalent results for a single-crystal sample are shown in Fig. 16 . methods and conclusions can be generalised to other systems, such as coupled spin-half chains [16] [17] [18] 20 The primary microscopic model we consider is the spin-1/2 "J 1 -J 2 " Heisenberg model, where ij 1 counts first-neighbour bonds, and ij 2 second-neighbour bonds of a square lattice [see Fig. 1 ]. Magnetic field h defines the S z axis for spin. This model is believed to describe several distinct families of quasi-2D materials, including the vandates Pb 2 VO(PO 4 ) 2 27-31 , SrZnVO(PO 4 ) 2 29,30,32 and BaCdVO(PO 4 ) 2 25,29 .
The "J 1 -J 2 " model H S=1/2 J1−J2 [Eq.
(1)] can be shown to support a spin-nematic ground state for all ferromagnetic J 1 < 0 and antiferromagnetic J 2 > 0.408|J 1 | [24, 26] . Spin-nematic order is formed through the condensation of bound pairs of magnons out of the saturated state at h = h sat [5] , and is generally believed to be stable for a small range of fields approaching saturation, i.e. for h h sat . However for a range of parameters 0.408 < J 2 /|J 1 | 0.7, the zero-field (h = 0) ground state of H S=1/2 J1−J2 [Eq. (1)] is also a spin-nematic state 5,9,33-35 . 1d and quasi-1d frustrated ferromagnets have also been extensively studied in the search for the spinnematic state. Theoretically it has been shown that J 1 -J 2 , spin-1/2 chains in applied magnetic field, with J 1 < 0 and J 2 > 0, demonstate dominant quadrupolar correlations for a wide parameter range 4,7,8,10-15, [36] [37] [38] . In the presence of small interchain coupling this can lead to a long-range-ordered spin-nematic state at low temperature [16] [17] [18] 20 . The spin-nematic state is stabilised by magnetic field, and is most pronounced close to the saturation field. There have been a number of calculations of dynamical properties of such a spinnematic state, with a view to providing experimental predictions [16] [17] [18] 20, 39, 40 . The material LiCuVO 4 is thought to approximately realise this model, and may show spin-nematic order close to saturation 16, 41, 42 . However, high-field NMR measurements have not yet detected evidence for such a state, and have shown that, if it does exist, it is limited to a very narrow field range 22, 42 . The spin-nematic state that appears in spin-1/2 models such as H S=1/2 J1−J2 [Eq. 1] is known as a bond-nematic. While an individual spin-1/2 cannot have a quadrupole moment, a pair of neighbouring spin-1/2's can form a triplet, and thus develop a quadrupole moment living on the bond 3 . If conventional dipole magnetism is suppressed, for example due to high frustration, quadrupolar or higher-order multipolar correlations can be revealed. In H S=1/2 J1−J2 [Eq. 1] the triplets organise themselves into a bond-centered antiferroquadrupolar (AFQ) order 5,9, [33] [34] [35] . The way in which this occurs is most easily understood at high values of magnetic field, in the saturated state, where triplets are preformed. Here magnons form bound states, which condense to give spin-nematic order as the magnetic field is lowered 5 . In such a state the spin-dipole moment S = 0, while the rank-2, symmetric, traceless tensor,
with α, β = x, y, z, has entries with non-zero expectation At h = 0, one possible approach to understanding the excitation spectrum of the spin-nematic state in H J1−J2 [Eq. 1] is to work directly with the microscopic model, construct a lattice gauge theory, and then solve this within a large-N expansion scheme [33] [34] [35] . This approach has the advantage that, in principle, it can access all of the different excitations of the spin-nematic state. However, the solution of the lattice gauge theory is extremely involved, which complicates the interpretation of experiments 35 .
A second possibility -explained in detail in Refs. [21, 23] -is to construct a continuum theory for the longwavelength excitations of 2-sublattice AFQ order. This approach has the advantage of bringing the universal properties of the spin-nematic state to the fore, and of making clear predictions for inelastic neutron scattering. However, being grounded in the symmetry of the order parameter, it cannot hope to describe the microscopic details of the underlying spin-1/2 model at high energies.
In this article we combine the continuum theory approach with a microscopic study of H J1−J2 [Eq. 1]. We use diagrammatic calculations to determine the magnetic dispersion spectrum of 1-magnon and 2-magnon excitations at and just below h sat . This allows the continuum theory to be parametrised using J 1 and J 2 , and therefore quantitative predictions to be made for inelastic neutron scattering experiments.
Inelastic neutron scattering measures the dynamical spin correlation function, which is defined as,
where we have set gµ B = 1. Thus the task of this article is to calculate this quantity, and we will do this for two complementary models of field-induced, spin-nematic order on the square lattice: H J1−J2 [Eq. 1] and a spin-1 model that is a generalisation of the bilinear-biquadratic (BBQ) Hamiltonian 1,2 . We now briefly review the route taken.
In Section II we introduce a spin-1, BBQ model with a partially polarised, 2-sublattice, spin-nematic ground state. As shown in Fig. 3 , one way to view this is as an effective model describing spin-1 degrees freedom living at the bond centres of a spin-1/2 square lattice. The lattice of bond centres also forms a square lattice, with a reduced lattice constant b = a/ √ 2. A major advantage of spin-1 models is that the excitation spectrum can be calculated within flavour-wave theory [43] [44] [45] [46] [47] . This allows predictions for ℑmχ αβ (q, ω) [Eq. 3] to be made. While the primary motivation for considering this model is as a first step towards making predictions for spin-1/2 systems, spin-1 is also interesting in its own right 46, 47 , and if real materials can be synthesised with large biquadratic interaction, the results presented here would be relevant.
In Section III we start from the spin-1 BBQ model studied in Section II and use it to derive a continuum field theory. We first demonstrate that, at long wavelength, this exactly reproduces the flavour-wave results of Section II. The power of the field theory is that it is a theory of the order parameter symmetry, and therefore describes the universal features of a partially polarised, 2-sublattice spin-nematic state. Thus we recast the theory in terms of a minimal set of hydrodynamic parameters. This renders the theory free of any particular microscopic model, and one can in principle parametrise it from any microscopic model with a partially polarised, 2-sublattice spin-nematic ground state or directly from experiment.
In Section IV we make a mapping between the effective spin-1 degrees of freedom on the bonds and spin-1/2 degrees of freedom on the sites. This will allow predictions to be made for spin-1/2 frustrated ferromagnets, based on the theory developed in Section II and Section III.
In Section V we consider H S=1/2 J1−J2 [Eq. 1] from a microscopic perspective close to the saturation field. We consider the condensation of magnons out of the fullysaturated state. For a sizeable parameter range, condensation of bound-magnon pairs occurs at a higher magnetic field than the condensation of single magnons, and therefore a spin-nematic state is formed. Diagrammatic calculations allow the critical field to be calculated, as well as the velocities and gaps of the excitation modes in the spin-nematic state. These can then be used to parametrise the continuum theory.
In Section VI we make predictions for inelastic neutron scattering experiments for materials described by
As a worked example we consider the material BaCdVO(PO 4 ) 2 , which is expected to have a spin-nematic ground state close to saturation, and show quantitative experimental predictions.
Finally in Section VII we conclude by showing that the detection of a ghostly Goldstone mode in BaCdVO(PO 4 ) 2 -a characteristic signature of spinnematic order -is experimentally feasible using current instruments.
In Appendix A we derive a non-linear-sigma-model field theory for the 2 sublattice AFQ state at h = 0. This is complementary to the continuum theory presented in Section III, which considerably simplifies at h = 0 if a set of high-energy modes are eliminated by a Gaussian integral. This theory can then be compared to previous work considering the spin-nematic state of H S=1/2 J1−J2 [Eq. 1] at h = 0 [33] [34] [35] .
II. A SPIN-1 MODEL FOR THE 2-SUBLATTICE SPIN NEMATIC IN APPLIED MAGNETIC FIELD
Here we construct and solve a spin-1 bilinearbiquadratic model in applied magnetic field on the square lattice that supports the same type of spin-nematic state as is found in H S=1/2 J1−J2 [Eq. 1]. While this may be relevant to spin-1 systems, the primary motivation is as an effective model of bond degrees of freedom in a spin-1/2 bond-nematic state. We make the assumption that the 2-sublattice, spin-nematic state reduces to triplets on nearest-neighbour bonds and, at low energy, singlet degrees of freedom can be ignored. The exchange parameters in the spin-1 model are chosen such that a partiallypolarised, 2-sublattice AFQ ground state is realised for the full magnetic field range 0 < h < h sat .
We use flavour-wave theory [43] [44] [45] [46] [47] to determine the evolution of the magnetic dispersion and the imaginary part of the dynamic spin susceptibility as the magnetic field is varied. Here we present the results of linear flavour-wave theory (see Fig. 6 ). At h = 0 we have checked that the 2-sublattice AFQ ground state remains stable when interactions are included, but the details will be presented elsewhere 48 .
A. Definition of the model
The model we introduce is a straightforward generalisation of the bilinear-biquadratic model introduced in Ref. [1, 2] . Effective spin-1 degrees of freedom are placed at the bond centres of a square lattice with lattice constant a. The bond centres of the square lattice also form a square lattice, with lattice constant b = a/ √ 2 (see Fig. 3 ).
The microscopic model is given by,
where ij 1 counts the first-and ij 2 the secondneighbour bonds on the bond-centred lattice [see Fig. 3 ] and S = (S x , S y , S z ) is the usual spin-1 operator. We consider all interactions J to be positive and h is the applied magnetic field.
It is useful to rewrite
where,
describes spin-quadrupole operators and a constant term has been dropped. This model has a hidden SU(3) symmetry for J 22 = 0 and h = 0, a fact which is more easily understood if H 
where, 
The first and second terms of H the interaction J 22 breaks the symmetry of the model down to SU(2), and, enforces two-sublattice AFQ order of the type shown in Fig. 3 . The magnetic field further reduces the symmetry to U(1) and, above a critical field h sat , favours a saturated paramagnetic state.
An alternative rewriting of
] is in terms of a vector e, which parametrises the usual spin-1 basis states. The wavefunction on a site j is written as,
and e j = (e 
At large values of h is it clear that all sites will have e = (i, 0, 0), corresponding to a saturated paramagnet. The relationship between the e vectors and the operators S and Q is given by,
where Since the motivation for considering the model is to study the partially polarised spin-nematic state, we do not present the entire phase diagram, but instead determine a parameter range in which this state is stable for the full field range 0 < h < h sat . This is the case for J 11 = 1, J 12 > 0, J 22 > 1, and from now on we concentrate on this region in parameter space.
In the saturated paramagnet the mean-field wavefunction at every site is described by,
Below the saturation magnetic field,
the e vectors cant, forming a 2-sublattice state. Labelling these two sublattices A and B, the mean field ground state can be described by,
with,
The canting angle, θ h , is given by, Full polarisation is achieved at h = hsat. The nematic order parameter is shown by red cylinders, and disappears at h = hsat. In the case of a spin-1 system, the polarised moments and the quadrupolar order parameter exist at the vertices of the yellow lattice. In the case of a spin-1/2 system, magnetic moments are associated with the vertices of the green lattice (shown by green spheres). The nematic order parameter lives on the bonds, and one can define partially polarised spin-dipoles on the bonds by summing contributions from neighbouring sites (see Section IV). Magnetic field values correspond to those in Fig. 6 and Fig. 7 .
For h = h sat the canting angle is θ h = 0, while for h = 0 it is θ h = π/4. The field evolution of the mean-field ground state described by Eq. 15 is shown in Fig. 5 .
C. Linear flavour-wave theory in the saturated paramagnet
Above a critical magnetic field, h sat [Eq. 14], the spins align, forming a saturated paramagnet. The excitation spectrum for h ≥ h sat can be calculated using linearised flavour-wave theory [43] [44] [45] [46] [47] . From this the imaginary part of the dynamical spin susceptibility can be determined.
The spin operators are written in terms of a pair of boson creation and annihilation operators, labelled a and b, according to,
where S ± = S x ± iS y . The operator b † j creates an excitation with ∆S z j = 1, while a † j creates an excitation with ∆S z j = 2. It follows from Eq. 6 and Eq. 18 that, 
The imaginary part of the dynamical spin susceptibilty, ℑmχ αβ (q, ω) [Eq. 3], can be calculated within the flavour-wave approach, yielding,
The dominant feature is a band of 1-magnon excitations in the perpendicular channel, as shown in Fig. 6 (a) and (b). This is gapped at all wavevectors, and has uniform spectral weight. There is also a band of 2-magnon excitations in the longitudinal channel with zero spectral weight. For h > h sat this is gapped at all k, but exactly at h = h sat the gap closes at k = 0. This signifies the onset of spin-nematic long-range order. The spin-dipole remains parallel to the applied magnetic field, and a director order parameter appears in the plane perpendicular to h [see Fig. 3 ].
D. Linear flavour-wave theory in the partially polarised spin nematic
The dispersion of magnetic excitations in the partially polarised spin-nematic state, which occurs at 0 < h < h sat , is now calculated using linear flavour-wave theory. This is done by considering small fluctuations around the mean field ground state given in Eq. 15.
The spin operators can be rewritten as,
where k M = (π, π) is the 2-sublattice ordering vector [see Fig. 4 ] and e ik M ·ri = ±1 depending on whether i is within the A or B sublattice.
Performing linear flavour-wave theory results in a magnetic dispersion with two branches. The first has the excitation spectrum,
where γ 
It follows that the imaginary part of the dynamic spin susceptibility is given by,
. (29) where,
and,
The imaginary part of the dynamical spin susceptibility For 0 < h < h sat it is no longer possible to assign an integer value of ∆S z to a particular excitation. In consequence spin and quadrupolar fluctations are mixed, except for at special points in the Brillouin zone. Of particular interest is the nature of the low-energy modes, and we consider each of these separately.
The spin-nematic phase posesses a gapless Goldstone mode, which can be seen at q = (0, 0) in the longitudinal spin susceptibility, ℑmχ zz (q, ω) [Eq. 29, Fig. 6 (ii)(b-f)]. This is due to spontaneous breaking of the U(1) symmetry of H These spin fluctuations are parallel to the z direction and in phase between the two sublattices, and hence are seen at q = (0, 0) in the spin susceptibility. Their magnitude goes to zero approaching q = (0, 0), which can be seen from the fact that the spectral weight in the spin susceptibility disappears linearly with |q| approaching q = (0, 0).
, also has a gapped mode at q = (π, π). This is brightest at h = 0 and gradually fades as the field is increased towards h = h sat . The mode can be thought of as a dynamical spin-density wave, in which spin fluctuations occur parallel to the field direction, but in antiphase between the two sublattices. Intriguingly, a number of quasi 1-dimensional materials that are good candidates for realising the spin-nematic state show spindensity wave order over large field ranges 41 . It would be interesting to see if at different values of the interaction parameters this mode condensed.
The transverse spin susceptibility, ℑmχ
, has a single excitation branch at h = h sat . As the field is reduced below h = h sat it splits into two, corresponding to ω The spin states on a site are represented using spin-coherent states, and the overcompleteness of the spin-coherent state basis results in a geometrical phase term in the action. Assuming that the system at least locally realises a 2-sublattice, partially-polarised, spin-nematic state, H S=1 bbq [e] [Eq. 11] can be expanded in terms of derivatives of a set of continuum fields, which are defined at the centre of square plaquettes. These fields are collected in the complex vectors e A (r, τ ) and e B (r, τ ), which are the continuum versions of e j [see Eq. 10] on the A and B sublattices. The derivation follows in spirit Ref. [21] , in which a continuum theory is formulated for a 3-sublattice spin-nematic state on the triangular lattice in the absence of magnetic field.
The action for the 2-sublattice, partially-polarised spin nematic is given by,
where we set the lattice constant b = 1 and,
The kinetic term is given by,
and the Hamiltonian term can be written as,
A ∂ λ e
(1)
It is understood that the constraints |e A | 2 = 1 and |e B | 2 = 1 have to be enforced.
When working at h = 0, it is natural to divide the fluctuations into two sets, with one set describing Goldstone modes and other low-energy fluctuations, while a conjuate set describes high-energy fluctuations. The action considerably simplifies if the high-energy fluctuations are integrated out 21 [see Appendix A]. However, for fields close to h = h sat , it is no longer possible to partition the fluctuations in this way. Conjugate pairs of fluctuations become degenerate at h = h sat , and therefore there is no low-energy fluctuation to integrate out.
B. Linearising the continuum theory
In order to calculate the dispersion and dynamical susceptibility within the continuum theory, it is first useful to linearise L 2SL [Eq. 33] . This can be accomplished by writing e A (r, τ ) and e B (r, τ ) in terms of 8 scalar fields,
The ψ a fields are associated with the a bosons in the flavour-wave theory and the ψ b fields with the b bosons (see Section II D).
The ψ fields are substituted into L 2SL [Eq. 33] and terms up to quadratic order are retained. After Fourier transform using,
S 2SL [Eq. A5] can be rewritten as,
Here,
with,Ã
These are just the small k expansions of Eq. 26 and Eq. 28. Diagonalisation of S lin 2SL [Eq. 38] is accomplished using the unitary matrices,
with,ũ
In consequence one finds,
with,Ψ
Here the diagonal Green's function matrices are given by,
It is useful to calculate the imaginary part of the Green's functions given in Eq. 51 and Eq. 53. One finds,
only positive frequency contributions have been retained, and,ω
Similarly,
and,ω
It is clear thatω 
C. Dynamical spin susceptibility
The imaginary part of the dynamical spin susceptibility can be calculated within the linearised theory. Using Eq. 12 and Eq. 36 the spin fields can be written as,
Using the results of Section III B, as well as the definition of the spin susceptibility given in Eq. 3, one finds, where Fig. 7 . It can be seen that, at long wavelength, this is exactly equivalent to Fig. 6 , which depicts the flavour-wave prediction for the imaginary part of the dynamical spin susceptibility [Eq. 29]. Alternatively, this equivalence is clear from directly comparing Eq. 29 and Eq. 61.
D. Hydrodynamic parametrisation
We now parametrise the linearised field theory S lin 2SL
[Eq. 38] in terms of hydrodynamic parameters. This frees the theory from any particular microscopic model, and thus allows it to be applied to any partially-polarised, 2-sublattice AFQ state. We concentrate in particular on the case h ≈ h sat .
The action S . For a general 2-sublattice spinnematic state, it may be necessary to include other relevant terms in the non-linear action. However, the only effect these will have on the linear theory is to change the hydrodynamic parameters.
In consequence it is possible to write down a general, hydrodynamically-parametrised, linearised Lagrangian for a 2-sublattice, partially-polarised AFQ state,
This describes 4 modes, and these have all been mapped onto k ≈ 0. The dispersion relations of the 4 modes are given by,
For the hydrodynamic parameters that depend strongly on field we write,
while the others are only expected to change weakly with varying magnetic field close to h = h sat . The hydrodynamic parameters can be taken from any microscopic model supporting a partially polarised, 2-sublattice AFQ state. Table I shows In order to calculate the imaginary part of the dynamic spin susceptibility, it is first necessary to determine expressions for the spin moments. To do this we use H 
where q ≈ 0. The imaginary part of the dynamical spin susceptibility is thus given by,
where q ≈ 0. We have anticipated the mapping made in Section IV and introduced the subscript bc which stands for bond-centred.
IV. MAPPING FROM SPIN-1 SITE-BASED NEMATIC TO SPIN-1/2 BOND NEMATIC
We now show how the imaginary part of the longwavelength, dynamical spin susceptibility can be calculated in a bond-nematic phase, focusing on the 2-sublattice state realised in H S=1/2 J1−J2 [Eq. 1] for J 1 < 0, J 2 /|J 1 | > 0.4 and h ≈ h sat [see Fig. 1 ]. In such a state the order parameter is bond-centred, but the physical spins, the fluctuations of which are measured in inelastic neutron scattering experiments, live on the sites of the square lattice. At low energy, one can view the bond-nematic state in terms of an effective spin-1 degree of freedom that lives on the bonds 5 . Fluctuations of these spin-1 degrees of freedom are described by L hyd (k, ω) [Eq. 62], and, in terms of the original spin-1/2 degrees of freedom, correspond to changing the mix of triplet states on a bond. However, inelastic neutron scattering measures the fluctuations of the site-centred spin-1/2, and it is therefore necessary to determine the mapping that needs to be applied to ℑmχ(q, ω) [Eq. 66] in order to make experimentally relevant predictions.
We consider two lattices, the original square lattice of the spin-1/2 degrees of freedom, with lattice constant a, and a bond-centred lattice with lattice constant b = a/ √ 2 [see Fig. 3 ]. While in the rest of the article the lattice constants have been absorbed into the definition of the wavevector, rendering it dimensionless, for clarity in this section the lattice constants are explicitly included in the calculations. In the site-centred lattice we label the real-space coordinates by the vector x, and in the bond-centred lattice by r. In reciprocal space we use p and q. The relations between these coordinates are,
which can be seen from Fig. 4 . We assume that the spin at a site, S sc , (sc stands for site centred) can be written as the sum of the quasispin, S bc , degrees of freedom on the 4 neighbouring bond centres, which leads to,
where e x = (a, 0) and e y = (0, a). Taking the Fourier transform results in,
where m and n are integers. This allows the imaginary part of the dynamical spin susceptibility to be calculated
FIG. 8: (Color online)
. Predictions for the dynamic spin susceptibility of a spin-1, partially-polarised, 2-sublattice, spin-nematic state in applied magnetic field (Fig. 7) mapped onto the site-centred lattice The relationship between the bond-and site-centred lattices is shown in Fig. 4 , and the mapping of the dynamical susceptibility is performed using Eq. 71. The external magnetic field is gradually reduced from a) h = 1.5hsat to f) h = 0. 56] . All predictions have been convoluted with a gaussian to mimic experimental resolution. The circuit Γ-X-M-Γ in the site-centred Brillouin zone is shown in Fig. 4 . The same linear, normalised colour intensity scale is used as in Fig. 6. in the site-centred coordinate system as,
where (p x + p y ) 2 /2 + (p x − p y ) 2 /2 = p 2 has been used, p ≈ 0 and ℑmχ αα bc is given in Eq. 66. The result of mapping the spin-1 dynamical susceptibility predictions shown in Fig. 7 onto the site-centred lattice using Eq. 71 is shown in Fig. 8 . It can be seen that the mapping from the bond-centred to sitecentred lattice results in all the low-energy modes appearing at the Γ point, which is expected, since the 2-sublattice AFQ state does not break the translational symmetry of the site-centred lattice. For q ≈ 0, one has cos In order to make quantitative experimental predictions for materials it is necessary to determine the hydrodynamic parameters appearing in L hyd (k, ω) [Eq. 62]. Here we consider H S=1/2 J1−J2 [Eq. 1] and microscopically calculate the hydrodynamic parameters in the vicinity of h = h sat . In Section VI these will be fed into L hyd (k, ω) [Eq. 62], allowing quantitative predictions to be made for inelastic neutron scattering experiments.
All magnets have a saturation magnetic field, above which the spins are aligned parallel to the field direction. For systems with an antiferromagnetic ground state at h = 0, the simplest way to connect the zero-field and high-field states is via a canting of the ordered moment towards the field direction. As field is reduced from above saturation, there is a phase transition from the fullypolarised state to the canted antiferromagnet at the saturation field. This can be understood in terms of the condensation of magnons out of the fully-saturated "vacuum" state 53, 54 . In frustrated magnets the condensation of single magnons may not be the first instability of the fullysaturated state as magnetic field is lowered. One possibility is that the 1-magnon instability is preceded by a 2-magnon instability, in which bound pairs of magnons condense 5 . If this occurs, then this corresponds to a quadrupolar ordering of the spin degrees of freedom just below the saturation magnetic field, and hence the creation of a spin-nematic state. We show below that this is the case for H S=1/2 J1−J2 [Eq. 1] over a wide range of parameters.
In the saturated paramagnet it is useful to use the hardcore boson representation, in which spin operators are replaced according to,
Thus H S=1/2 J1−J2 [Eq. 1] can be rewritten as,
U → ∞ is the on-site repulsion and, ǫ(q) = J 1 (cos q x + cos q y ) + 2J 2 cos q x cos q y .
In the parameter range −2 ≤ J 1 /J 2 ≤ 2 with J 2 > 0, ǫ min = ǫ(Q ± ) = −2J 2 , where Q + = (π, 0) and
The saturation field for 1-magnon condensation is thus given by,
For µ(h) < 0 (h > h c1 ) the system is fully-polarised unless the 1-magnon instability is preceded by another instability. We denote the fully-saturated state by |Ω , where a l |Ω = 0. Since the interaction term in Eq. 73 is normal ordered, there is no self-energy term in the 1-magnon dispersion relation, and it is exactly given by,
Expanding ω(k) near the minima Q ± leads to,
and, In the fully-saturated state it is very simple to calculate the imaginary part of the dynamical spin susceptibility. It is exactly given by,
This describes a sharp band of 1-magnon excitations, with equal weight at all wavevectors. We next consider the condensation of bound pairs of magnons out of the fully-saturated state. The 2-particle Green's function can be calculated exactly using the ladder diagram shown in Fig. 9 . The scattering amplitude is given by 19,24,53-55 ,
where ∆ and K are respectively the binding energy and the center-of-mass momentum of the bound state. This integral equation is exactly soluble 53, 54 . Divergence of Γ(∆, K; p, p ′ ) [Eq. 82] implies the existence of a stable bound state below the 2-magnon continuum 19,56 . The K-dependent binding energy is denoted as ∆ B (K). The wavefunction of the bound state can be determined from the residue of the divergence of Γ(∆, K; p, p ′ ) [Eq. 82], and this is considered in more detail below. When lowering magnetic field, if the boundmagnon gap closes before the 1-magnon gap then the bound state condenses and the spin-nematic state appears. The critical field for 2-magnon condensation is given by,
where ∆ m is the maximum value of the binding energy. For 0.4 |J 1 /J 2 | 5 there is a stable bound state at K = (0, 0), and this is the leading instability on lowering magnetic field [see Fig. 10 ]. The binding energy, ∆ m = ∆ B (K = (0, 0)), as a function of J 2 /|J 1 | is shown in Fig. 11 . Fig. 9 ]. It determines the saturation field for 2-magnon condensation, h c2 = h c1 + ∆m/2. For ∆m > 0 [see Fig. 10 ], h c2 > h c1 and the 2-magnon condensate occurs at higher field than the 1-magnon condensate.
In the fully-polarised phase with h > h c2 , the boundmagnon dispersion relation is given by,
This dispersion, ω 2−m K,h [Eq. 84], is shown in Fig. 12 in relation to the 2-magnon continuum.
Slightly below the saturation field, for small µ 2 (h) > 0, one can view the system as a dilute gas of bound magnons. We consider an effective Hamiltonian,
where the bound-state creation operator is,
Γ (2) is the renormalized interaction between the lowenergy bound magnons 24 , Λ is a momentum cutoff, and the dots represent higher-order interaction terms that can be neglected in the dilute limit. The effective free energy of the condensed phase is given by,
where b K=0 = √ ρ 2 e iθ0 . Minimizing this free energy, results in,
Next we consider the Goldstone mode of the spinnematic state in the dilute limit at zero temperature. Taking the cutoff Λ → ∞, the effective action is given by,
where
into S eff [Eq. 86] and integrating out the high-energy mode δρ 2 , results in,
Hence, the disperison of the Goldstone mode at small K within the dilute limit is given by 57 , In 2d, the parameter Γ (2) tends to zero approaching the saturation field. However, even a very small interlayer coupling will cutoff this approach to zero, and Γ (2) remains finite at h = h c2 58 . A good way to estimate Γ (2) for a given material is from the gradient of the experimental magnetisation curve close to saturation. One finds theoretially for the magnetisation,
and therefore,
Magnetisation curves for several values of Γ (2) are shown in Fig. 13 .
Finally, we will consider the bound-state wavefunction χ K (p) [Eq. 87] and demonstrate that this describes the same 2-sublattice bond-nematic state considered in Section II and Section III.
From taking the residue of the divergent scattering amplitude Γ(∆, K; p, p ′ ) [Eq. 82], one finds,
where the minimum of ω(p) [Eq. 74] is zero. The wavefunction is normalised by requiring p |χ 0 (p)| 2 = 1, where the summation over p is taken in half of the Brillouin zone as p and −p gives the same bound state. This wavefunction has d-wave symmetry, since interchange of the coordinates x and y leads to χ 0 (p) → −χ 0 (p) while
The bound-magnon condensed phase is described by the coherent state 16 ,
. In this phase we consider the expectation value of the bondoperator,
where Q αβ ij is defined in Eq. 2 and
is defined in analogy with Eq. 6 for the spin-1 theory. 2-sublattice AFQ order of the type considered throughout this article corresponds to a non-zero expectation value Q −− (r) on nearestneighbour bonds, with a change of sign between vertical and horizontal bonds. Calculating the expectation value of this bond operator with respect to the condensed phase, |Nem [Eq. 97] gives,
The permutation r = (r x , r y ) → (r y , r x ) shows the dwave symmetry of this bond operator,
which, on nearest-neighbour bonds, exactly corresponds to the 2-sublattice AFQ phase shown in Fig. 1 and Fig. 3 . Next, we consider the asymptotic behaviour of Q −− (r) nem [Eq. 99] for the low-density case φ ≪ 1. For large r, the oscillation of the wave function is fast, and the dominant integrand comes from p close to (0, 0), (0, π) and (π, 0). Considering r = (r, 0) for simplicity, one can show for r ≫ 1,
where ξ 0 ≈ 1/ 2m
(1) 1 ∆ m is a measure of the size of the bound state and c 2 is a constant. The larger the value of the binding energy ∆ m [see Fig. 11 ], the more localised the bound state.
As an example, we take J 2 /|J 1 | = 0.9 and show that the nearest-neighbour bonds gives the dominant contribution to Q −− (r) [Eq. 99]. One finds,
to first order in φ. In Section II, we have in effect considered the nearest-neighbour order parameter Q −− (1, 0) nem , and the above analysis shows that this approximation becomes better the larger the value of ∆ m . In the limit where ∆ m → ∞ the wavefunction χ K=0 (p) [Eq. 96] is only non-zero on nearest-neighbour bonds to first order in φ, and we write,
In consequence the only non-zero bond-operator expectation values are,
While the mapping to the spin-1 model [Section II] needs a nearest-neighbour bond order, this is not the case for the continuum theory [Section III]. The sole requirement is K ≪ 1/ξ 0 , and therefore the continuum theory is valid even for small ∆ m .
In summary, we have considered in this section the ground state and low-energy excitation spectrum of H S=1/2 J1−J2 [Eq. 1] for magnetic fields close to saturation. At the saturation field, h sat = h c2 , bound-magnon pairs condense to form a spin-nematic state. In the limit that the density of bound pairs is dilute, the excitation spectrum can be calculated from the microscopic model. This allows the hydrodynamic parameters appearing in L hyd (k, ω) [Eq. 62] to be determined, and we show an explicit example of this in the following section.
VI. PREDICTIONS FOR INELASTIC NEUTRON SCATTERING EXPERIMENTS IN A SPIN-1/2 BOND NEMATIC
Spin-nematic order does not break time-reversal symmetry, and therefore does not produce an internal magnetic field. This makes the spin-nematic state essentially invisible to most common probes of magnetism, such as elastic scattering of neutrons, Knight shift of the NMR spectra and the asymmetry of oscillations in µsr spectra 3 . However, excitations of the quadrupolar order parameter mix a spin-dipole component into the wavefunction, and this can, in principle, be detected by dynamic probes of magnetism.
Here we make predictions that demonstate how a spinnematic state could be identified via inelastic scattering of neutrons. We consider in particular the class of materials that are well described by H S=1/2 J1−J2 [Eq. 1]. For definiteness we show predictions relevant to BaCdVO(PO 4 ) 2 , where fits to magnetic susceptibility give the exchange parameters J 1 = −3.6K and J 2 = 3.2K [25] . We take a square lattice with lattice constant a = 4.5Å. The saturation field of BaCdVO(PO 4 ) 2 has been measured to be h sat ≈ 4.2T, which is easily achievable in a neutron scattering experiment.
In order to make quantitative predictions for experiment it is necessary to determine the hydrodynamic parameters appearing in ℑmχ 
where h sat = h c2 . For the 1-magnon mode one can compare ω
For J 2 /|J 1 | = 3.2/3.6 ≈ 0.89, one can use the results of Section V to show,
Futhermore, from fitting the experimentally measured magnetisation curve for BaCdVO(PO 4 ) 2 25 with
For h ≥ h sat it is possible to exactly calculate both ℑmχ Fig. 14 we show predictions for inelastic neutron scattering at h = 1.23h sat and h = h sat . The only signal is a sharp and uniformly intense band of 1-magnon excitations. Also shown in Fig. 14 is the 2-magnon dispersion, which is gapped for h > h sat , and softens at q = 0 for h = h sat , but is invisible to inelastic neutron scattering experiments. In Fig. 15 these predictions are integrated over 4π of solid angle in order to mimic inelastic neutron scattering from a powder sample.
For h < h sat we calculate predictions for inelastic neutron scattering using Eq. 71. These predictions are shown in Fig. 16 at a range of magnetic field values and in the vicinity of q = 0.
As field is reduced below h = h sat intensity appears in the Goldstone mode excitation, ω Q,z q,h [Eq. 63], for q = 0. For small q and fixed h, the intensity of this mode grows linearly with q, as can be seen from Eq. 71. For fixed, small q and small h sat − h the intensity grows as [Eq. 84], which becomes gapless at the saturation magnetic field h = hsat. At this value of magnetic field, spectral weight resides in the 1-magnon excitation, which is gapped for all momentum transfers, q. The same linear, normalised colour intensity scale is used as in Fig. 6 .
The 1-magnon excitation has a gap ∆ xy,0 h = h that slowly reduces with lowering field. To a first approximation the velocity is constant, and the intensity in this mode is uniform over q and does not vary with h.
The relative intensity of the two modes can be estimated from,
where I Q,z is the intensity of the Goldstone mode and I xy,0 the intensity of the gapped 1-magnon mode.
In Fig. 2 we show predictions for inelastic neutron scattering from a powder sample, calculated by taking the predictions shown in Fig. 16 and averaging over 4π of solid angle. We show predictions for h = 0.8h sat . Also shown is a constant-q cut at q = 0.18Å −1 , showing the relative intensity of the two modes. At these values of q and h, the peak intensity in the Goldstone mode is about 3% of the peak intensity in the 1-magnon mode.
There will also be a small contribution to the inelastic scattering from the 2-magnon continuum [see Fig. 12 ]. This is spread over a large region of q and ω space, and at leading order the intensity grows as h sat −h as the field is reduced. Thus the contribution to the scattering will be considerably smaller than from the Goldstone mode excitation, which is sharp and has an intensity growing as √ h sat − h, and can be safely ignored. While the predictions shown in Fig. 14, Fig. 16 and Fig. 2 are specific to BaCdVO(PO 4 ) 2 , a very similar analysis can be made for any compound described by H S=1/2 J1−J2
[Eq. 1]. In fact, L hyd (q, ω) [Eq. 62] can be applied to any system with a partially polarised, 2-sublattice spinnematic order parameter.
VII. DISCUSSION AND CONCLUSIONS
In this article we have explored how inelastic neutron scattering can be used to probe for the existence of a spin-nematic state in applied magnetic field. Following the philosophy detailed in Refs. [21] [22] [23] , we suggest that a good way to recognise this state experimentally is via the excitation spectrum, since the ground state is essentially invisible to common probes of magnetism. To this end, we have developed a general theory of the magnetic excitations of a two-sublattice, bond-centered spin-nematic state in applied magnetic field. We parameterise this theory from the microscopic model believed to describe the spin-1/2 frustrated-ferromagnet BaCdVO(PO 4 ) 2 [25] , a promising candidate for spin-nematic order, and make predictions for inelastic scattering of neutrons from this material. We also introduce an effective spin-1 model supporting the same form of spin-nematic order, and use it to explore the evolution of magnetic excitations for a wide range of magnetic field. The main experimental predictions of this article are summarised in Fig. 2 and Fig. 16 .
The starting point was to first derive a phenomenological theory of a 2-sublattice, partially-polarised spinnematic state. This involved constructing a spin-1 bilinear-biquadratic model [H S=1 bbq [S], Eq. 4] with both the desired symmetries and a spin-nematic ground state. We note that if spin-1 compounds with large biquadratic coupling can be synthesised, this model may become experimentally relevant in its own right. Alternatively, it could be realised in molecular condensates of cold atoms. In this article, the spin-1 model served as a guide to the derivation of a continuum field theory description of the long-wavelength excitations of the spinnematic state [L hyd (q, ω), Eq. 62]. We found four low- (ii) The onset of spin-nematic order for h < hsat is heralded by the emergence of a ghostly, linearly-dispersing Goldstone mode in the longitudinal susceptibility χ zz (q, ω). Predictions for χ αβ (q, ω) were calculated for a material described by the spin-1/2 J 1 -J 2 model H energy modes, including a Goldstone mode associated with the breaking of U(1) symmetry and predominantly describing quadrupole fluctuations of the order parameter, and three gapped modes describing mixed spin and quadrupole fluctuations. One of the most experimentally promising places to search for the spin-nematic state is in square lattice, spin-1/2 frustrated ferromagnets described by H S=1/2 J1−J2 [Eq. 1]. Close to saturation the spin-nematic state is expected to be realised for a large range of J 2 /J 1 values. In spin-1/2 nematic states the quadrupolar order parameter lives on the bonds of the lattice and not on the sites. The continuum theory thus describes effective bond-centred spin fluctuations, and in order to accurately describe experiments, it was necessary to make a mapping onto the site-centred lattice. After this procedure it became clear that the experimental response is dominated by only 2 modes, the Goldstone mode and a gapped mode that can be identified with single-magnon condensation out of the fully-saturated state.
The continuum theory contains a number of hydrodynamic parameters that have to be calculated from microscopic considerations. In order to do this we considered H S=1/2 J1−J2 [Eq. 1] close to the saturation magnetic field, and used exact diagrammmatic calculations to determine the saturation magnetic field, assuming condensation of first single magnons and then bound-magnon pairs. For a wide range of J 2 /J 1 values the bound-magnon pairs condense at higher field than single-magnon excitations, forming a spin-nematic state. Using similar diagrammatic calculations, the continuum theory was fully parametrised.
This allowed us to make predictions for inelastic neutron scattering experiments, focusing on the material BaCdVO(PO 4 ) 2 . In Fig. 2 and Fig. 16 we show predictions for small momentum transfers q and fields h h sat , where the dominant feature in the spectrum is the gapped 1-magnon excitation band. However, we showed that there is also spectral weight in the Goldstone mode excitation and this grows with increasing q and decreasing h. Experimental detection of this excitation would be strong evidence for the existence of a spin-nematic state.
The predictions we make for BaCdVO(PO 4 ) 2 are quantitative, and this allows one to determine whether it is realistic to expect to see the Goldstone mode experimentally. The saturation field has been measured as h sat ≈ 4.2T, and therefore the full field range 0 < h < h sat can be accessed in inelastic neutron scattering experiments. Assuming this material is well described by H S=1/2 J1−J2 [Eq. 1], one would expect a phase transition at intermediate field between the spin-nematic state (higher field) and a canted antiferromagnet (lower field). Since the frustration parameter J 2 /|J 1 | ≈ 0.9 is relatively close to the highly frustrated point J 2 /|J 1 | ≈ 0.5, one would expect that the spin-nematic state would be the ground state over a sizeable field range. The lower the magnetic field in which the spin-nematic can be measured, the more intense the scattering from the Goldstone mode. Taking a relatively conservative value of h = 0.8h sat [see Fig. 2 ] one can see that an energy resolution of better than about 0.1meV is needed at a momentum transfer of about 0.15 − 0.2Å −1 -achievable values in neutron scattering experiments. The intensity of the Goldstone mode at these values of field and momentum transfer is expected to be about 3% of the 1-magnon excitation. This is comparable to measuring an ordered moment of about 0.2µ B -and this is possible experimentally.
Finally we would like to emphasise the generality of these results for understanding spin-nematic phases, and end with the hope that the ghostly Goldstone mode will be revealed through the machine of inelastic neutron scattering.
At h = 0 the continuum field theory developed in Section III for the 2-sublattice antiferroquadrupolar (AFQ) spin-nematic state can be considerably simplified. This allows comparison to lattice gauge theory calculations used to understand the h = 0 spin-nematic state in H S=1/2 J1−J2 [Eq. 1] [33] [34] [35] . One simplification arises from the increased symmetry at h = 0. In the case h = 0 the symmetry of S 2SL [Eq. A5] is U(1), and breaking this symmetry via the formation of an AFQ state results in a single Goldstone mode, as shown in Fig. 7b -e. For h = 0, the symmetry of the action is increased to SU(2). As a result, there are three Goldstone mode excitations, as can be seen in Fig. 7f ) There is a degenerate pair of Goldstone modes associated with rotations of the quadrupolar order parameter out of the ordering plane (Fig. 7(i)f) , and a third associated with rotations within the ordering plane (Fig. 7(ii)f) . There is also a gapped mode that can be interpreted as a dynamical spin-density wave excitation.
A second simplification arises from a natural division at h = 0 of conjugate pairs of fields into those associated with high-and low-energy fluctuations. This is not the case as h → h sat . At h = 0, fields associated with high-energy fluctuations can be eliminated by a Gaussian integral. The resulting continuum theory is based on an SU(3) generalisation of the non-linear sigma model (nlσm). A similar treatment of the 3-sublattice AFQ state on the triangular lattice was presented in Refs. [21, 23] , and the development in this Appendix closely follows these references.
In order to demonstrate the validity of the approach, we first derive the continuum theory from a simple spin-1 model, H J1−J2 [Eq. 1] reformulate the problem in terms of a lattice gauge theory, and solve this using a large-N mean-field approach [33] [34] [35] . This gives, in principle, all the excitations of the spin-nematic state. As such, it is interesting to compare the h = 0 field theory derived in this Appendix with the lattice gauge theory calculations.
Deriving the action
Before embarking on the calculation, we briefly summarise the mains steps, following the same logic as in Refs. [21, 23] . First, we note that in H S=1 bbq [S] [Eq. 4] there is an SU(3)-symmetric point at J 22 = 0. When deriving a continuum theory, we consider small, but non-zero J 22 , and make an expansion around the high-symmetry point.
The starting point of the calculation is the simplest subunit of the lattice, the square plaquette shown in Fig. 17 . The spin-1 degrees of freedom on this plaquette are described using d-vectors [Eq. 7] , and the energy is given by H A set of matrices can be defined that act on the four dvectors, and allow any configuration to be reached. When these act on a ground-state configuration of the plaquette of d-vectors, some of the matrices leave the energy invariant, others lead to an energy increase proportional to J 22 , while still more lead to an energy increase proportional to J 11 , J 12 or a combination of the two. The first two sets of matrices will become the low-energy modes in the continuum theory, while the third set are considered high-energy modes and are eliminated by a Gaussian integral.
The square plaquette defines a basic unit from which to build a square lattice, and continuum fields are defined at the centre of plaquettes. Assuming that the system has at least local 2-sublattice AFQ order, the plaquettes can be stitched together and an action derived in terms of the continuum fields. This action also includes a dynamical term, arising from the quantum mechanical overlap of nearby director configurations.
One choice for the ground state of a plaquette is given by,
where A and B label the two sublattices [see Fig. 17 ]. Including fluctuations, and assuming the plaquette is close to a ground state configuration, the d vectors can be approximated by, Plaquettes are stitched together to form a lattice by promoting the parameters φ, l to fields, and these are defined at the centres of the plaquettes. These fields are allowed to fluctuate in time and space, and the continuum limit is taken under the assumption that the plaquette configurations only vary significantly over long lengthscales.
The action is given by,
where H plaq refers to the Hamiltonian on a single plaquette. After substituting in Eq. A2 for the d vectors, expanding to quadratic order in the high-energy canting fields, making a gradient expansion around the plaquette centres and rewriting,
one arrives at, Table II . These can be compared to the hydrodynamic parameters presented in Table I. Using the relation v 2 = ρ/χ, one can see that these are equivalent at h = 0, except for the velocity (v S,z 0 ) 2 , which differs by a factor proportional to J 2 22 , which is considered a small parameter in this Appendix.
Linearising the action
It is useful to linearise S nlσm [U] to further bring out the physical content of the action. At linear order one can approximate,
and therefore, 
where ω xy k,0 is twofold degenerate in the 2-sublattice Brillouin zone. This describes 3 Goldstone modes, ω In order to do this it is first necessary to determine how the spin moments are related to the quantum fields. This can be achieved by dividing the d-vectors into a real and imaginary part, d = u+iv, and noticing that S = 2u×v. where q ≈ 0. This is shown in Fig. 18 , and can be compared to Fig. 7f , where the physics can be seen to be qualitatively the same, despite the different values chosen for the parameters J 11 , J 12 and J 22 .
In order to study the bond-nematic phase found in H S=1/2 J1−J2 [Eq. 1], the mapping described in Section IV can be used. The field theory thus describes the dynamic spin susceptibility close to q = 0, and this is shown in Fig. 19 .
Comparison with lattice gauge theory
Finally it is interesting to compare the continuum model developed in this Appendix with previous work studying the h = 0 spin-nematic region of H S=1/2 J1−J2 
Comparison can also be made to Ref. [35] in which the imaginary part of the dynamical spin susceptibility is calculated via a 1/N expansion scheme. At small q the field theory developed in this Appendix agrees well with this 1/N expansion scheme, which can be see by comparing Fig. 19 with Fig. 9 and Fig. 10 of Ref. [35] . In both cases there are three Goldstone modes at q = 0, a degenerate pair (at low energy) that appear in ℑmχ ⊥ and a third in the longitudinal channel ℑmχ zz . In Ref. [35] , there also appear a number of gapped modes close to q = 0 without significant spectral weight, but it is not completely clear if one of these is equivalent to the dynamical spin density wave that appears in S nlσm [U] [Eq. A13]. Finally Ref. [35] finds a spinon continuum at high energies, and this cannot be captured by the low-energy continuum theory presented in this Appendix.
